Introduction.
During the last couple of years there has been a growing interest in stochastic partial di¡erential equations (SPDEs). Various methods have been used to study SPDEs, see [10] and the references therein. Here we apply white noise analysis to obtain abstract existence and uniqueness theorems. More speci¢cally we combine the ideas of Kondratiev spaces with variational methods for partial di¡erential equations. We show that this approach applies to elliptic, parabolic, as well as hyperbolic SPDEs.
To illustrate our ideas on elliptic SPDEs, we prove in Section 4 that there exists a unique solution, u, satisfying Àr Á F Å ru f for x P D 1
where F , f , and g are given stochastic processes and Å denotes the Wick product. If F is the Wick exponential of smoothed white noise, F exp Å W 0 x , we obtain the pressure equation in a stochastic medium, ¢rst solved in [6] . This equation is a model for £ow in an (stochastic) isotropic porous medium where F is the permeability.
If F , f are deterministic and g 0, the Wick product coincides with the ordinary product and existence of a unique variational solution of the deterministic problem (1)^(2) can be shown as follows. We apply both sides of (1) to a test function v P H H tinuous linear functional on H and the bilinear form, bÁY Á, is continuous and coercive on H Â H. The purpose of this paper is to extend this argument for elliptic PDEs and similar arguments for parabolic and hyperbolic PDEs to the corresponding SPDEs.
The solution of (1)^(2) found in [6] when F exp Å W 0 x and f , g are as above is a function u X D 3 s À1 , where s À1 X I k0 s À1YÀk denotes the Kondratiev space (see [11] ) and s &Yk denotes the Kondratiev Hilbert spaces de¢ned in the next section. The variational approach requires studying the problem in a Hilbert space. We therefore in Section 2 introduce two families of Hilbert spaces, s &YkYm D and s &YkYm 0 D isomorphic to s &Yk H m D and s &Yk H m 0 D, respectively. These spaces have the additional advantage that with them we can prove regularity results for the solution in the space variable. This is not possible when one uses the methods developed in [6] , [7] , [8] , [9] , and [12] . In Section 2 we also de¢ne basic operations on s &YkYm D and s In Section 4, Section 5, and Section 6 we illustrate how variational methods can be used to prove existence and uniqueness of solution for SPDEs of elliptic, parabolic, and hyperbolic type, respectively. Finally, Section 7 contains some concluding remarks.
We remark that an approach related to the one we present below has been suggested by J.-L. Lions and U. Frisch (see [3] 
on the set of functions of the form
&YkYmYD`I g equipped with the inner product (6 
With this de¢nition variational methods for pdes applied to stochastic... Example. For 0 P L 2 R d and x P R d we de¢ne the smoothed white noise process to be
where 0 x Á X 0Á À x and 4 i 0Y F F F Y 0Y 1Y 0Y F F F denotes the multi-index whose only nonzero entry is a 1 in the ith position. One can show that for every x P R d the sum in (8) converges to the usual de¢nition, h3Y 0 x i, in L 2 " (resp. the space of Hida test functions, s, see [5] 
d is viewed as the convolution of two Schwartz functions we have that
for every P N d 0 , and De¢nition 2 implies that 
x 0 x i for every 3 P s H and 0 P s. It follows that for the process W 0 x di¡erentia-tion in the sense of De¢nition 2 coincides with the usual one.
A closely related process we frequently use in examples is the singular white noise process
It is easily seen from Lemma 1 that
We would also like to compute the expectation of elements in s &YkYm for general &, k, and m P N 0 . Inspired by [6] we observe that if f f H P s 0Y0Y0 , then
using EH H Y 3. It is therefore reasonable to de¢ne:
) is the deterministic function
We use the term generalized expectation since an f P s &YkYm not necessarily is integrable with respect to the measure ". We conclude this section with the de¢nition of the Wick product.
Definition 4. If f f H and g g H are two formal series, we de¢ne their Wick product, f Å g, to be the formal series
Two Estimates on the Wick Product.
Recall that L 2 " is not closed under Wick multiplication. To see this let, for example, f H 4 1 , then g U 3 f Å g is a densely de¢ned unbounded linear operator on s 0Y0 . If f , g P s 0Y0Y0 we have the additional problem that f g need not belong to L 2 D. To provide conditions on f such that g U 3 f Å g de¢nes a continuous linear operator on s À1YkY0 we introduce the Banach Moreover kf Å gk À1YkY0 kf k ka2YÃ kgk À1YkY0 kf k YÃ kgk À1YkY0 for g P s À1YkY0 X 9
Proof. It su¤ces to prove (9) . Suppose f f H P f , g g H P s À1YkY0 , and k 2, then Lebesgue's monotone convergence theorem implies
for a.e. x P D, where Ã n denotes the convolution on Z n with respect to counting measure. Young's inequality provides the upper bound
and since ka2 we have kf k ka2YÃ kf k YÃ , which completes the proof. 
X
The statement now follows from Lemma 1.
Corollary 1 generalizes results as Corollary 4.22 in [5] . It seems impossible to extend the corollary to Kondratiev spaces with & b À1 since there is noconstant K such that m n3 Km3n3 for all m, n P N.
, and `À1 log 2 da2. To see this note that by Schwarz' inequality
Y which by Lemma 1 is ¢nite if 2`À1 À log 2 d. Using 22.14.17 in [1] to obtain je i xj C% À1a4 d for x P R d and i P N, where C % 1X086435, it can be shown that the singular white noise
When we turn to consider SPDEs it will be important to be able to determine when the bilinear form
À1YkY0 for every g P s À1YkY0 .
Let
Note that f P f ensures bÁY Á is continuous on s À1YkY0 for k 2. The second condition is necessary, otherwise bÁY Á would fail to be coercive on variational methods for pdes applied to stochastic...
Dg of s À1YkY0 . The following proposition shows the conditions are also su¤cient, provided k is small enough. 
We apply the inequality ab a 2 a2 b 2 a2 to the parentheses under the last integral sign and consider the two resulting terms separately. From (11) the ¢rst term is bounded by
The second term takes the form
From (10), (11), and (12) 
A useful result for what follows is: Since Gx is absolutely convergent on compact subsets of ÀRY R, it follows that N n0 c n f Ån is a Cauchy sequence in f whose limit, G Å f , satis¢es (13) .
(iii) follows from (ii) and that the 0th term in the formal expansion for exp Å f is 1.
Remark
Elliptic SPDEs.
In [6] the authors found an explicit solution of the smoothed pressure equation in a stochastic medium. We discuss this equation in detail to illustrate how our ideas can be used to prove an elliptic SPDE has a unique variational solution. The main problem is to determine a suitable Hilbert space on which the bilinear form associated with the equation satis¢es the conditions in the Lax-Milgram theorem. When we have found a suitable Hilbert space, which depends on the problem, the Lax-Milgram theorem implies the problem has a unique variational solution.
be an open set of ¢nite width, that is, assume D lies between two parallel hyperplanes. Fix F P p D for some real and consider
where f P s &YkY0 and g P s &YkY1 are given. We now intend to ¢nd a variational formulation in the Hilbert space s &YkY1 . Suppose a solution u P s &YkY1 of (14)^ (15) for a suitable pair &Y k is known, then
for every test function v P s &YkY1 0 . Using the de¢nition of ÁY Á &YkY0 and integrating each term by parts, we obtain the bilinear form
for the left hand side of (16).
For given f P s &YkY0 and g P s &YkY1 , the variational formulation of (14)^(15) becomes: Find u P s &YkY1 such that
, and
For simplicity we interpret the boundary condition in the generalized sense, (i).
Existence and uniqueness of a variational solution will follow from the Lax-Milgram theorem if &Y k is chosen such that b &Yk uY v is continuous on s &YkY1 Â s &YkY1 and coercive on s Moreover, Eu is the variational solution of the deterministic problem that results from (14)^(15) when F , f , and g are replaced by EF , Ef , and Eg, respectively.
Proof. It only remains to prove the last statement. Let F F H and suppose u u H is the variational solution of (14)^(15) for given f P s À1YkY0 and g P s À1YkY1 . Then u À g P s À1YkY1 0 , which implies
Substituting test functions of the form v wH 0YFFF into the variational formulation of (14)^ (15), we obtain
Since EF X F 0YFFF , Ef f 0YFFF , and Eu u 0YFFF , this relation together with (17) proves the theorem.
Example. Let D & R
d be open and of ¢nite width, ¢x F P p D for some real , and consider the stochastic Schro ë dinger equation
for given f P s &YkY0 and g P s &YkY1 . An analysis similar to the one presented in the previous example, leads to the same variational formulation but this time with respect to the bilinear form
Furthermore, one can show Theorem 1 applies verbatim to (18)^(19). Having proved that there exists a unique variational solution to (18)^(19) for arbitrary F P p D, we next investigate the problem for a particular F with ÀF P p D. Let 4D denote the Poincare è constant, i.e., the largest positive number such that
If D is bounded, 4D is the smallest eigenvalue of ÀÁ D . We consider (18)( 19) with respect to F 4 À4 exp Å W x for 4 b 0. In [8] this problem was solved explicitly in L 1 " on bounded domains for any 4 with 0`4`4D. The authors considered the smoothed problem, but our analysis applies to this problem as well. We now show how these results can be recovered in our setting. b .
To illustrate that our approach does not only apply to second order problems we include the stochastic biharmonic equation
Essentially the same argument as for the pressure equation in a stochastic medium gives the following theorem:
be an open set of finite width and suppose F P p D for some real . Then there exists a constant KF 2 such that if k`KF , (21)^(22) has a unique variational solution u P s À1YkY2 for every f P s À1YkY0 and g P s À1YkY2 .
Moreover, Eu is the variational solution of the deterministic problem that results from (21)^(22) when F , f , and g are replaced by EF , Ef , and Eg, respectively.
Proposition 6 provides many examples of F P p we could use in the preceding examples. The case when F is the smoothed exponential white noise, F 0 exp Å W 0 x for 0 P s, is of particular interest. In [6] , the authors ¢nd an explicit solution, u S X D 3 s À1 , of (14)^ (15) We refer to [6] and [13] for discussions of the Hermite transform on Kondratiev spaces. Let u V denote the variational solution of (14)^ (15) with F , D, f , and g as above. It is possible to show the Hermite transform of u V , u V xY z, is a variational solution of (23) for every z P B. In general, it is di¤cult to compareũ S andũ V since they satisfy (23) with respect to two di¡erent generalized solution concepts. But under additional regularity assumptions on f and D, standard regularity results may be used to conclude that there is a set N & D of Lebesgue measure 0 such thatũ S ũ V for all x P D À N and z P B. By taking the inverse Hermite transform it follows that u S u V in s À1 for a.e. x P D.
Parabolic SPDEs.
In this section we apply variational methods to prove existence and uniqueness of solutions for SPDEs of ¢rst order in t. We illustrate our ideas on the following initial boundary value problem. Suppose 0`
is an open set of ¢nite width and F P p D for some real . We consider the problem
where f and u 0 are given stochastic processes. In which sense u satis¢es the equations and from which spaces f and u 0 are chosen, will be made precise shortly. But ¢rst we recall some basic de¢nitions and results for variational problems of this type.
Fix À1 & 1 and k P R. Let V and H denote the separable Hilbert spaces s &YkY1 0 D and s &YkY0 D, respectively. By Proposition 3 the continuous injection id X id 1 X V 3 H has a dense image. We identify H with its dual H H and de¢ne the transpose of id, id
where hÁY Ái denotes the duality bracket and the subscript indicates the spaces involved. It follows that id H is a continuous injection with a dense image and by de¢nition
Recall from Proposition 5 that there exists a constant KF 2 such that if k`KF , then b À1Yk ÁY Á, which currently is independent of t, satis¢es Condition 1. Condition 1. btY ÁY Á X V Â V 3 R is a bilinear form for each 0 t T which satisfies (i) for every u, v P V, t U 3 btY uY v is measurable on 0Y T , (ii) there exists an M MT b 0, independent of t, such that jbtY uY vj Mkuk V kvk V for all t P 0Y T Y uY v P V Y and (iii) there are constants C b 0 and !, independent of t and u, with
If a function u P W 0Y T satis¢es (28) with respect to the initial condition u0 u 0 Y 29 we call u a variational solution of (24)^(26). To see why, assume u P W 0Y T is a variational solution of (24)^(26). Then (28) clearly is a weak formulation of (24).
, (25) is satis¢ed in the generalized sense for almost every t P 0Y T . Finally, we have seen that any u P W 0Y T has a trace u0 P H, therefore (29) holds in H s À1YkY0 .
The following existence and uniqueness theorem follows from [4] . Proof. By Proposition 5 there exists a constant KF 2 such that if k`KF , the bilinear form, b À1Yk ÁY Á, satis¢es Condition 1. The existence of a unique variational solution u P W 0Y T then follows from [4] .
To prove the last statement, suppose u P W 0Y T is a variational solution of (24)^(26). Observe that Attempts to obtain an explicit solution for (24)^(26) when F exp Å W 0 x by extending the techniques used in [6] , have so far been unsuccessful.
Results similar to Theorem 4 are readily obtained for other SPDEs of ¢rst order in t as, for example,
with suitable initial and boundary conditions. Note that in view of (iii) in Condition 1 the conditions on F in Theorem 4 can be relaxed to F P f ka2 D for the former example.
In all of the above problems F may be replaced by a measurable mapping t U 3 F t de¢ned for t P 0Y T , such that the associated bilinear form satis¢es Condition 1. Our approach does, however, not apply to all interesting SPDEs of ¢rst order in t. If the problem contains a time dependent noise, there does not seem to be any simple way to obtain abstract existence and uniqueness results. The stochastic heat equation solved explicitly in [9] is an example of such a problem, another is
The problem is that exp Å W xYt P p D Â 0Y T is a formal expansion over the probability space s H R d1 Y " d1 , whereas u which be-
This means the associated bilinear form 3Y t U 3 btY uY v depends on 3 P s H R d1 , and the approach presented above does not apply.
Hyperbolic SPDEs.
We conclude our discussion on time dependent SPDEs by indicating how one can obtain existence and uniqueness theorems for problems of second order in t. For simplicity we restrict our attention to a speci¢c example that illustrates the main di¡erence between this case and the one considered in the previous section. 
is a Gel'fand triple. We intend to show variational methods for pdes applied to stochastic...
has a unique variational solution with respect to the initial and boundary conditions utj dD 0 for 0`t`T and 31
where f P L 2 0Y T Y H, u 0 P V , and u 1 P H are given. We know from Section 4 that Lu ÀÁ x u F Å u gives rise to the bilinear form buY v b 0 uY v b 1 uY vY where b 0 uY v X r x uY r x v &YkY0 contains the`principal part' of the di¡er-ential operator. The variational formulation amounts to ¢nding a
and the initial conditions with u
, and u 1 P s À1YkY0 . Moreover, the expectation of the solution, EuÁ, is a variational solution of the deterministic equation that results upon replacing F , f , u 0 , and u 1 in (30)^(32) with their respective averages.
Proof. Let & À1 and k 2. Since V D3 H D3 V H is a Gel'fand triple, bÁY Á is independent of t P 0Y T , bÁY Á satis¢es Condition 1, and b 0 ÁY Á is symmetric, the existence of a unique variational solution to (30)^(32) follows from [4] .
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The last statement follows by substituting test functions of the form v wH 0YFFF , where w P H 1 0 D, into the variational formulation. The main di¡erence between the assumptions here and in the previous section is that b 0 ÁY Á has to be symmetric, that is,
Since F Å uY v À1YkY0 is not symmetric when F is stochastic, the equation
with the initial boundary conditions (31)^(32) does not satisfy (34). To see why the Wick bilinear form fails to be symmetric. Suppose that F F H P s &Yk is stochastic, i.e., assume F T 0 for some jj T 0.
Let u u 0YFFF H 0YFFF and v v H where u 0YFFF v T 0, then
for any & and k. Various generalizations are possible. But as in the previous section there seems to be no simple approach if the di¡erential equation contains a time dependent noise. A complete treatment of the variational method for problems of second order in t, can be found in [4] .
Concluding Remarks.
It is well known that variational solutions are stable under small perturbation of the boundary values, coe¤cients, or right hand side. This can, for instance, be used to prove that if u 0 n is the variational solution of (14)^(15) for given f P s À1YkY0 and g P s À1YkY1 with respect to the noise
, where 0 n x X n d 0nx for 0 P sR d with 0x dx 1. Then ku 0 n À uk À1YÀkY1 3 0 as n 3 I, where u is the solution of (14)( 15) with respect to the singular exponential white noise F exp Å W x . For many of the problems we have studied it is straightforward to extend regularity results for the corresponding deterministic problems. Consider (14) ^ (15) 
